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Year 12 Mathematics Ext. 2
Trial Examination 2012
Section 1 Objective Response Questions

1 Given that f (X) =4 — x>, which one of the following graphs best fits the graph of
y=[f (x)f?
(A) (B)

© (D)

2 Itis given that 3+1i is a root of P(z) =z’ +az’ +bz+10 where a and b are real numbers.

Which expression factorises P(z) over the real numbers?

(A) (z-1)(z2*+62-10)
(B) (z-1)(z*-62-10)
(C) (z+1)(2* +62+10)
(D) (z+1)(z2*-62+10)
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3 Consider the Argand diagram below.

/1 2

Which inequality best defines the shaded area?
(A) 0<lz<2

(B) 1<|7<2
(© 0<|z-1]<2
(D) 1<|z-1<2

2 2
4 The points P(acos®, bsinf) and Q(acos¢g, bsing) lie on the ellipse %4—%21 and

the chord PQ subtends a right angle at(0,0). Which of the following is the correct
equation?
2

(A) tan@tang¢g = —b—z
a

2

(B) tanftang= —%

2

(C) tanftang = b—z
a

2

(D) tanftang = %

2 2

5 Consider the hyperbola with the equation i(_6 A .

9
What are the coordinates of the foci of this hyperbola?

(A) (4,0) B) (0,%4)

(©) (0,%5) (D) (#5,0)
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6  Which one of the following is an expression for I

(A) ln(x 3% —6x+10)+c
(x+3 VX —6x+10)+c

(©) ln(x 34X —6x+10)+c
(x+3+ 3% —6x+10)

;d)(?
X =6x+10

(B) In

(D) In[x+3++x*—6x+10) +cC

7 The area bounded by y = X°, the line y =8, and the y axis, is rotated about the y axis to
form a solid. The volume of this solid is:

(A) 2?7[ cubic units

(B) 3?7[ cubic units

937

©) 5 cubic units
(D) %Tﬂ cubic units

8 A particle of mass m falls from rest under gravity and the resistance to its motion is

mkv?, where V is its speed and K is a positive constant. Which of the following is the
correct expression for square of the velocity where X is the distance of the particle
fallen from rest?

(A) V =%(1—e‘2k*)

(B) V2 :%(Hez”)
©) V2 :%(l—em)
D) v:=I(1+e™)
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9 Let a, S and y be the roots of the equation X’ +3x*>+4=0. Which one of
the following polynomial equations have roots «*, £° and y*?

(A) X’ -9x*-24x-4=0
(B) X’ —=3x>—12x—-4=0
(C) X’ —9x*-24x-16=0

(D) x’=3x*-12x-16=0

10

The diagram above shows two circles of equal radii with centres A and C
respectively. The two circles touch externally at B and the line XB is a
diameter. The line XZ is the tangent to the circle centre C, at Z, cutting the
circle, centre A, in Y. Which is the correct expression that relates the length of
XZ to the length of XY?

(A) 3XZ =4XY
(B) XZ=2XY
(C) 2XZ =3XY
(D) 2XZ =5XY
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SECTION II Extended Response Questions

Answers for this section should be recorded in the booklets provided.
Show all necessary working.
Start a new booklet for each question

Question 1 (15 marks)

b)

d)

dx using the substitution X = \/5 sin 6.

. X
Find j \/ﬁ

1) Find the real numbers a and b such that
1 a b
=—+ .
X(2x+1)  x 2x+1

1
i1) Hence, evaluate j

!
2

dx
X(2x+1)

1

1
Use integration by parts to show that jtanl X dx= %— 5 In2.

0

Given that |, = | cos" xdx, where n >0 is an integer.

(n-1),

n

o!—‘mm

1) Prove that | = forn>2.

n-2 o

i1) Hence, evaluate | cos® x dx.

o'—’m\a
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Question 2

b)
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Begin in a new booklet (15 marks) Marks

The complex number V has modulus 1 and argument %, and the complex

number W has modulus 2 and argument _27” .

i)

Express wv and iv in the modulus-argument form where each argument is
between —r and . 2

Show that V is a solution of the equation Z* = iZ . Hence, or otherwise, state the

other two non-zero roots of this equation. You may leave your answers in modulus-
argument form. 3

Mark, on an Argand diagram, the points P, Q, R and S representing
Vv, W, wv and iV respectively. 1

Hence, or otherwise, show that PS is parallel to RQ. 2
Hence, or otherwise, find a real number u such that

IV—Vv=u(Ww-—wv). 2

11-x

Let f(X) :m,

Draw a one-third page sketch of the graph of y = f (x) showing clearly all

asymptotes. (Do not calculate co-ordinates of any turning points) 3

. : 1
Hence or otherwise, draw a one- third page sketch of the graph of y = ——

f(x)

showing all asymptotes. (Do not calculate the co-ordinates of any turning points) 2
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Question 3  Begin in a new booklet (15 marks) Marks
a) B
C Diagram
not to
b scale
A E

The diagram shows the points A, B, C, D and E on a circle, such that BE is a diameter and
AC is parallel to ED. Also, AH is perpendicular to BC, and BD intersects AH and AC at
G and F respectively.

1) Copy the diagram into your answer booklet.
i1) Prove angle BFC is 90°. 2
i) Prove CFGH is a cyclic quadrilateral. 2
v) Hence, or otherwise, show that AB xBG = BEx BH. 3
. X2y
b) The hyperbola, H, has the equation 5 g =1.
1) Find the eccentricity of H. 1
i1) Find the co-ordinates of the foci of H. 1
i) Draw a neat, one-third page sketch of H. 2

iv) The line X = 6 cuts H at A and B. Find the co-ordinates of A and B,
if A is in the first quadrant. 2

V) Derive the equation of the tangent to H at A. 2

Page 7 of 10



THGS Year 12 Maths Ext 2 Trial Examination 2012

Question 4  Begin in a new booklet (15 marks) Marks

a) If p, g and r are the roots of the equation X’ + 4x> — 3x + 1= 0, find the

1 1 1
polynomial equation whose roots are—, — and —. 2

q r

b) i) Let k be a zero of the polynomial F(x) and also of its derivative F'(X).

Prove that k is a zero of F (X) of multiplicity at least 2. 3

i1) Show that y =1 is a root of multiplicity at least 2, of the equation

2t

y© -ty

1 =1-ty"", where t > 2 is a positive integer. 2

c) The polynomial P(X) gives remainders 1 and — 2 when divided by 2x — 1
and X — 2 respectively. What is the remainder when P(X) is divided by

2x* —5X +27? 3

d)

Diagram
not to
scale

The base of a solid is formed by the area bounded by x> + y* =1 for 0< x<1 as shown in

the diagram above. Vertical cross sections of the solid taken parallel to the y — axis are in the
shape of isosceles triangles with the two equal sides being of length three- quarters the
length of the third side which is in the base of the solid.

1) Show that the area of the triangular cross-section at X = a, is

500

7( 1-a%). 3
i) Hence or otherwise find the volume of the solid. 2
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Question 5  Begin in a new booklet (15 marks) Marks
a) Prove by mathematical induction that, for integersn > 2,
1 1 1 1 n+1
l-=||l-=||1-— . l-—|=— . 4
O O I
A+B
b) i) If6=tan" A+ tan" B,show that tanf = ~ — | 1
1-AB
i1) Hence solve the equation tan™' 3X + tan™' 2X = % 3
C) 1) Sketch the graph of the function y = sin™' (%j 1
. X
i1) Show that the equation of the tangent, |, to the curve Yy = sin™' (EJ at the
point where x=+3 is y:x+%—«6. 2
1i1) The region, where X >0, bounded by y = sin”' (%j , the y - axis and the
line | is rotated about the y — axis to form a solid of volume V.
3
1) Show V= ﬂ\/§—4ﬂjsin2ydy. 2
0
2) Hence, or otherwise, find V. 2
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b)
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Begin in a new booklet (15 marks) Marks

A body is projected vertically upwards, under gravity, from the ground

in a medium that produces a resistance force per unit mass of kv, where v
is the velocity and K is a positive constant.

The acceleration due to gravity is g.

i)

If the initial velocity of the body isV,, prove that the maximum height, H, of the
body above the ground is given by

2
H :iloge(uﬁ} 4
2k g

In a second projection vertically upwards of the body, it is noticed that the maximum
1
height reached is 2H. Show that the initial velocity was (ez"H + 1)2 v, . 3

A body is moving in a horizontal straight line. At time t seconds,
its displacement is X metres from a fixed point O on the line, and its acceleration is

1_—; \/V(l + \/V) whereV >0 is its velocity.

The body is initially at O with velocity V > 0.

i)

i)

iii)

Show that t = 20log, L+ W . 3
1+

Hence, or otherwise, prove that the body comes to rest. 1

Find the distance travelled before the body comes to rest. 4

END OF ASSESSMENT

Page 10 of 10



THGS Yr12 EXT2 Trial Soln 2012

Solution to Year 12 Ext 2 Trial Examination

SECTION 1 MCQ

SO0 NO RN~
OO0O>000WWOO0O

o

SECTION 11 EXTENDED RESPONSES

Question 1
a X dx X = \/2sin@ (
) P - vesin C)Itan"x dx
o dX:x/Ecosﬁ 0
_ ﬁsin&’.ﬁcos@ |
2 = Mtanflxdx
2—(\/5sin9) dx
0
='\/§sint9cos<9 40 L ! 1
) cos :[xtan x] - x1+X2 dx
0
= | V2sin0 do R
- SERRY E
4 2J1+x
0
=—\/§cosﬁ+c
7 1
: N =———[1n(1+x2)1)
__\/5 2—X +e X 2
NG}
2-x :——l[an—lnl]
=—J2-X*+C
:f—lmz
4 2

1|Page



THGS Yr12 EXT2 Trial Soln 2012

Question 1 conti

1
. 1 a b .. dx
1 bi) =—+ bII)J‘—
X(2x+1)  x  2x+1 1X(2X+1)
2
fdx [ 2d
X X
2X+1)+bx=1 =|—
a(2x+1)+bx Ix I(2x+1)
1 1
2 2
Putx=0=>a=1 =[In|x|~In[2x+1]]s
] o
Putx=—=b=-2 {m X }
2 2X+1| |1
2
1
o 12 CInt_m|2
X(2x+1)  x  2x+1 3 2
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Question 1 continued

di)l, = | cos" x dx

O.—.N\N

z

2
=J.cosXcosn_1 X dx
0

z
v
= [sin X cos"™ X]é - j(n —1)cos" Xsin X.sin X dx

0 =

n-2

:(0—0)+(n—1) coS xsin?® X dx -

o'—’N\N

Vi

2

H
:(n—l)jcosr‘_2 X dx—(n—l)jcosn X dx
0

I, :(n—i)ln_z—(n—l)ln

I, +(n-1)1,=(n-1)1_, B [XOJE

nln (n—l) |r172 48 0
, =020, _br sz
" on " 96 32
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Question 2

2ai) WV:Z[COS(—EJHSin(—Zﬂ
2 2
. (27[) .. (27[}
Iv=cos| — |+isin| —
3 3

.. T .. T
air) V:cosgﬂsm—zz

pia ..
z* :cosgx4+|s1n—><4

2z .. (27w .
=COS| — |+Ism| — |[=1V
(3j (3j

=iz

.V is a solution to z* =iz

ifz#0, then z° =i

T . . T
non zero roots are cos—+1 Slng =

(\/§+i)
cos%ﬂsin%:%(—\/gﬂ) =v<:is(2?ﬂj

1
2

a i)
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Question 2 conti

aiv) Method 1
1 . o o
In AOQR x=—(180 —=30 )=75
QR x=o( )

InAOSP  x= [180° —~45" (90" -30° )] —75°

- PS //RQ
Method 2
Show PS =4 W where A € reals
RQ =w-wv
. 2 .
=2cis| - == |- (2
ms( 3} (2i)
2 . .
:5[—1—|\/§]+2|
=—1+i| 2-3 ]|
PS =iv-v
(5)-(?)
=Cis| — |—cis| —
3 6
[ 1+|\/_}——[ 3+|]
( 3+1) -
=2—=xRQ by1nspect10nnote(\/§+1)x<2—\/§)= 3-1
— PS //RQ
bi) bii) y
X :
| | \ .
: : X 120 ] \/2 |
1 2! \1 i
. J6 | S |
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Question 3

3aii) £EDB =90°

(angle in a semi circle)
/BFC =90°

(alt angles, AC//ED, suppl angles)

iii) ZGHC + ZGFC =90+90=180
.. CFGH is acyclic quad ( opps angles are suppl)

iv) In ABGH, ABEA
/BGH = ZBAE =90
/BCA = ZBEA

but Z/BCA = /BGH

(diameter subtends right angle at cfce)
(angles subtended by a common chord BA)

(exterior angle of cyclic quad equal to int opp anlges)

.. ZBGH = ZBEA

. ABGH = ABEA (equi-angular )

L B6_BH (corresp sides of similarA)
BE AB

.. AB.BG = BE.BH
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3bi) a=5,b=3
b’ =a’ (e’ -1)
9=25(e*-1)
o2 =34
25
34
5

ii) Foci S (ae,0) =(34,0)
s’ (—ae,0) =(—/34,0)

iii) y 3

Y
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Question 3 conti

36y’

3biv) —-2-=1
25 9
2=9><11
25
=N
5
A[6’3mj B[_j—%ﬁj
5 5
2 2
vy -
25 9
2x 2y dy _, _dy_2x 9
25 9 dx dx 25 2y
gy 9%
Tdx 25y
99 dy 54
at | 6.— |,—=
( dex 254/99
o 311 18
. equationis y————=——(X—-06
q Y-S s o)
yo18 e, NI
sJ11 5
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Question 4
4a) x* +4x>=3x+1=0 has noroot X =0.
lety=l andX=l
X

the equation below has roots

111

p'q’'r
LIS FR
y vy

y =3y’ +4y+1=0

bi) k is zero of F(x)
= F(x)=(x-4)q(x)
F'(x)=(x=k)a'(x)+a(x)

k is zero of F'(x)

F'(k)=0
=(k-k)q'(k)+a(k)=0
=q(k)=0

= 0 ~(x-4)r(x)
hence F(X):(X—4)2 r(x)

= K is at least a root of multiplicity 2

bii) y* —ty"™ =1-ty""
t=123...=y" -ty —1+ty"" =0
let P(y)=LHS ofabove .. P(1)=1-tx1+tx1-1=0
.'.yzlisarootofP(y)zO
P'(y)=2ty" —t(t+1)y' +t(t-1)y"?
fort=2,3,4,..=P'(1)=2t—t’ —t+t* -t =0

.. need to consider the case where t =1 to complete the proof
P(y)=y’—y> +1xy’ -1
Sot=1 = P(y) =y -y +1-1=0 [omit this case t > 2]
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Question 4 conti

4c)P (x)=(2x*=5x+2)Q (x)+ R(x)
Since degree D (x)> deg R (x)
deg R (x)<2
letR(x)=ax+b

LP(x)=(2x-1)(x-2)Q(x)+ax+h

P[l—jzi+b=1

2) " 2

P(2)=2a+b=-2
3b = -6
b=2,a=-2

R(x)=-2x+2

4d)when x=a,y=2v1-a’
- length of base =2+/1-a’

() )

-3(-a)-(1-#)
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Question 5

5(a) Prove true for n=2

LHS =1- 12 RHs = 2*1
1 2 2x2
' _3 _3
4

.. True form =2

2. Assume true form n=k

(R0

Step 3. Prove true for n=k +1

(=303

LHSk+1 1-— 1 - from@
2k (k+1)

kel (k1) -1

Let tan' A=«
tan”' B =}

2k 7 (k+1)2
_k+1 k?+2k+1-1

2k (k+1)2
_(k+1) k(k+2)
o2k T k+1?
o k+1+1
C2(k+1)
= RHS
strue for n=k+1
..true by MI
5 b(i)

A B

0= t]an_1 Yij +tan11 A
=a+pf
tan 6 = tan (o + )
_ tanatan f
- l—-tan ¢ tan
A+B
1-AB

s tand =

THGS Yr12 EXT2 Trial Soln 2012
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Question 5 conti

(ii) from (i)
T 3X+2X 5X
tan—=——-—-—-=1= >
4 1-3x,2x 1-6X
L6X +5x—1=0
(6x—1)(x+1)=0
x=l,—1
6
1
X=—
6
o T T I3k x X
=1 .. True
Test x=-1

/4 3x—1+2x-1
tan— =

4 1-3x—1x2x-1

=-1 .. not true

.. Solution

AN~
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Question5 cont

. X
c(i) y =sin 5

y

A

%
0

T

2

. , 1 1

ii =—x

(i) Y ==
4

When X:\/§

y'=1
\/g T
X = 3’ =g -1 _ | =
\/—y Sin (2 3

Equation tan:

V4
y—gzl(x—\@)
y= x—\/§+§
Sy int (%,—\/g]
(iii)
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AVz(%-ﬁ-\B]—ﬂszy sinyzg.'.X:2siny

AV :[(%+\/§j—ﬁ(2sin y)szy

V = lim yf((%ﬂﬁj—n(%in y)szy

AV =0 y=0

V1

j(%+ﬁj_ﬂ(2sin )" dy

So Volume = Vol of cone - vol of shaded area about y- axis

V4

3

Vv =17z(\/§)2 [f—(f—ﬁﬂ—!4sin2 y dy

V =723 -4z |sin’y dy

o'—.u\ﬁ
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5 c(iii) 2)

A [N

V =r3-4r (I—COSZy)dy

=3 -2r y—%sin2y}3
L 0

T 1. 2x
=z3 21| S ——sin==
5]

3

272 ﬁ\/g
= - +—
3 3 2

7z3\/§ _ 27

iE
2 3
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Question 6
(a)
TMotion
- kv?
VAR
-9
X t=0
x=0,v=y,
@ Y F=—(kv’+g)
d 2
&= ~(o+o)
d(1 , )
dx(EVj: (kv +g)
v—==—(kv’ +g)
J- v dv =—J.dX

kv’ + g
iln(kv2 +9)=-x+¢C
In(kv’ +9)=—-2kx+c
X=0 v=y,

So c=In| kv, +|
At x=H, v=0
lz(g):—ZkH +ln(kv02 +g)

2
=1n[1+k"° J
g

2
~H= Lloge 1+ Ky
2k g

THGS Yr12 EXT2 Trial Soln 2012
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Alternate solution to 6ai)

F =-mg —mkv’

ma = ——mg — mkv’
a=-g—kv’
vdv
Y g —kv?
dx g
0 d H
J‘ vdv :J‘d
g +kv?
v, 0

1
E[ln|g|—ln‘g +kv?||=-H
=i[ g+k"2}, H =L+ X%
2k g 2k g

(6aii)
2
H=Lin| 14+ X%
2k g
kv,® _ M
g
Let V, be the initial velocity in the second projection.
. kVo2 _ et _q
g
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=’ +1

[‘V’_;)J:(ezkh 1)

by V, >0,v, >0
V, = (e +1)"y,

Question 6 (b)
| - >
| \%4
0

t=0x=0,v=V>0

dv W

(i) E__ﬁ( + W)
2dv _[dt

‘[2\N(1+\N)_ IIO

21n(1+\/V):—%+c

20In(1+V)=—t+c att=0,v=V>0
c=20In(1+V)
.-.t=2oz[1n(1+ﬁ)

—1n<1+\/vﬂ

zzoln(”NJ

1+\/V

L 1+
6 (bii) t—201n(1+\/vj

When v=0 t= 20ln(1 + \/V) so particle comes to rest (as t > 0)

6 (biii) %=v %:—I—JX(HW)
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v dv 1
N
J-\/V v X

——+c

1+Jv 10
N

Lety:\/V>O

1
dy =——dv
y 2

dv =2V dy
=2y dy

.'.LHS:J- y <2y o

y 1+1
y+1

:2I(y—1+m] dy

=y’ -2y+2In(y+1)

= (W)' =2V +2In(v2 +1)
:V—2x/5+21n(\/V+1)
v—2\/V+21n(\/V+1)

X
=——+C
10

Wherex=0,v=V >0

~.C=V —2\N+21n(\N+1)

Hencev=0whenx=D

D = distance travelled before body comes to rest.

D

10
:10[v —2\/V+21n(\/V+1)}
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Remark

D(0) =0
Lp(y)-
dv 1+v
.. D(V)is an increasing function =
D(V)>0forV=>0

>0 for V>0

End of solutions
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